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Let G=(V, E) be a graph with n vertices. The direct product dimension pdim (G) (c.f. [10],
{12]) is the minimum number ¢ such that G can be embedded into a product of ¢ copies of complete
graphs Kn.

In [10], Lovdsz, Neset¥il and Pultr determined the direct product dimension of matchings and
paths and gave sharp bounds for the product dimension of cycles, all logarithmic in the number
of vertices.

Here we prove that pdim (G) < cdlogn for any graph with maximum degree d and n vertices
and show that up to a factor of 1/ (logd+log log 5"3) this bound is the best possible.

We also study set representations of graphs. Let G=(V, E) be a graph and p>1 an integer.
A family % ={Ag,z €V} of (not necessarily distinct) sets is called a p-intersection representation
of G if [Az NAy| > p & {2,y} € E for every pair z, y of distinct vertices of G. Let 6,(G) be
the minimum size of |U#| taken over all intersection representations of G. We also study the
parameter (G)=min(fp(G)).
P

It turns out that these parameters can be bounded in terms of maximum degree and linear
density of a graph G or its complement G. While for example, 61 (G)=|E(G)| holds if G contains
no triangle, N. Alon proved that 01 (G) <cA(G)logn, where A(G) denotes the maximum degree of

G. We extend this by showing that A(G) can be replaced by o(G), the linear density of G. We also
gl
show that this bound is close to best possible as there are graphs with 81(G) ZC?lfg—A((GC)ﬁ logmn.

For the parameter 8 we conjecture that
0(G) < cA(G)He logn

for some constant ¢ not dependent on A(G) or n and show that 6(G) < cA(G) log? A(G)logn if G
is bipartite. This is, up to the factor 1/10g2A(G) best possible.

Finally, we give an upper bound on 8(G) in terms of A(G) and prove (G) < cA?(@)logn.
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1. Introduction
1.1 The direct product dimension

Let G; =(V;, E;), 1€ [t] be a family of graphs. The direct product denoted by
t
G, is the graph (V, E) where V= [[ V; and
1=1
{($1, I2y--. 7$t)(yl>y2» ces ayt)} cefse {xwyz} € Eia Vie [t]

The following definitions were introduced in [12].

T

1

Definition 1.1. The direct product dimension of a graph G denoted pdim (G) is the
minimum integer ¢ such that there exists a family Kg,, Kq,, ..., K4, of complete

t
graphs such that G' can be embedded into [] Kq,.
=1

A related concept is that of equivalence dimension.
Definition 1.2. Let G=(V, £} be a graph. A family §={&1,89,...,8:} of partitions
of V is called an equivalence representation of G if each equivalence class in each
partition is a clique and
{u,v} e Es 3ie(tst. u~viné;.
Then we define the equivalence dimension of G as,
edim (G) = méin(|é°|),

where & is taken over all equivalence representations of G.

The following fact {c.f. [12]) gives the relationship between equivalence dimen-
sion and product dimension. For any graph G,

(1) edim (G) < pdim (G) < edim (G) + 1.
We list here some of the known facts about the dimension of particular graphs.
It is shown by Lovész, Nesetil and Pultr in [10]:

1. For n>2, pdim (K, + K;)=n where the graph K, + K7 is the complete graph
on n vertices with an extra vertex added which is non-adjacent to all of the
others,

2. pdim (nK2)=[logyn] +1, where nK,, is n copies of the complete graph on m
vertices,

3. for n>3, pdim(P,)=[logyn] and

4. for n>2, [logyn] +1 < pdim(Cony1) < [logon] +2.

In [13], Poljak and R6dl showed that

1. For ¢, a power of a prime, pdim(¢Ky)=q and

2. if ¢>3, pdim (nKq) < 4B (140(1)).

Both edim(G) and pdim(G) depend on the maximum degree of G. The
following is an easy consequence of Vizing’s Theorem.
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Proposition 1.1. If A(G)=d then
edim (G) < d-+1
and moreover, if G is triangle-free then

edim (G) > d.

To prove the corresponding relation between pdim(G) and maximum degree
is not as straightforward. N. Alon [1] proved that for any graph G on n vertices
with maximal degree <d,

(2) pdim (G) < c(d+1)%logyn + 1
holds where c=2¢?/logye. On the other hand, he also showed that if 6(G)>1,
(3) logg n - logg d < pdim (G).

Note that the bound (2) is based on a probabilistic approach while (3) uses
exterior algebra. Also, (2) is obtained by the relationship pdim (G) < edim (G)+1 <

61(G)+1 and (4), see below.

In here we study the dependence of product dimension on maximum degree
and linear edge density. Recall that linear edge density, o(G), is a maximum average
degree of a subgraph of &, that is,

2| E(G)]

o(G) = max { V(o]

: G/SG}.

We replace the upper bound in (2) by a bound which is linear in d. On the
other hand, we prove the existence of graphs G, |V(G)|=n, A(G)=d which have
pdim (G) essentially larger than (3) when d>>logn. Set

B(n,d) ={G: V(G)={1,2,...,n}, A(G) <d}
and

Lnd)=1{G: V(G)={1,2,...,n}, o(G) < d}.

Theorem 1. There exists a positive constant ¢ such that
1. For any graph G€£(n,d), pdim{G) <32dlogn while
2. There exists G € B(n,d) such that

logn

i >d——,
pdim (G) = ¢ logd + loglogn
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1.2. Intersection number

Definition 1.3. Let G = (V,E) be a graph. A family ¥ ={A;: z € V} of (not
necessarily distinct) sets is called an intersection representation of G if

A NAFD & {z,y} € E
for every pair z, y of distinct vertices of G conversely G is called an intersection

graph of &.
Let G=(V,FE) be a graph, we define

61(G) = min(| U )

where ¥ is taken over all intersection representations of G. Then 61(G) is called
the intersection number of G. For an integer n, let

61(n) = max{61(G) : |V(G)| =n}.

Erdés, Goodman and Pésa [4] showed that all graphs on n vertices have

intersection number at most n? /4 and the graph K e has intersection number

2
equal to n?/4.

N. Alon [1] gave a relationship between the intersection number of a graph and
its degree. For a given graph G € B(n,d)

(4) 01(G) < c(d + 1)2 logy

where c=2¢2/logge.
Extending this to the graphs whose complement have bounded linear density,
we will show:
Theorem 2. There exist positive absolute constants cy, co such that
1. For any graph G, such that G €£(n,d), 61(G) <c1d?logn while
2. There exists G with G € B(n,d) such that
2 n

01(G) 2 CQE?g_d log (E) :

Note, we can prove a version of Theorem 2 where we restrict the graphs to
trees. Let Ty, be a tree on n vertices. (All trees have edge density bounded by 2.)
The proof of this special case gives

01(Ty) < 31logn.

We consider a variant on intersection representations which is investigated in
(2], 3], [6] and [9].
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Definition 1.4. Let G = (V,E) be a graph. A family ¥ = {A;: z € V} of (not
necessarily distinct) sets is called a p-intersection representation of G if

|Az N Ayl >p e {z,y} € E
for every pair , y of distinct vertices of G. Define 8,(G) to be

65(G) = min(| U F)

where F is taken over all p-intersection representations of G. Then 6,(G) is called
the p-intersection number of G.

We will set

0(G) = min(65(G).

Clearly, for any graph G and integer p > 2, a p-intersection representation of G
exists since we know an intersection representation of G exists and given a (p—1)-
intersection representation we may add 1 element to the universe and include it in
each set. This gives 0,(G) <0,_1(G)+1<61(G)+p—1.

There is a characterization of p-intersection representations.

Definition 1.5. We define a p-edge cover (also known as a p-generator or p-edge
clique cover) of a graph G=(V,E) to be a family # of V such that

ecEo P, Py,...,P}CPst.Viep], eCP.
One can see that

6(G) = min(| )

where the minimum is taken over all p-edge covers # of G.
For fixed p, the parameter 6, was investigated in [2], (3], [6] and [9]. For
example, it has been conjectured in [2] that 8,(G) < (1+0(1))6, (K%’%) for any

graph G with n vertices. This is known to be true for p = 1 by the result of
Erd6s, Goodman and Pésa [4]. Also, it was established in [6], [3], (see also [2]) that

2
by (Kﬁ) =22 (1+0(1)).
For parameter § we infer due to (4) that
9(G) < 61(G) < cA%(G) logn.
We believe that this can be improved and make the following conjecture:

Conjecture 1. There exists an absolute constant ¢ such that G € B(n,d) implies
9(G) < cd'*€logn, provided n>ng(e).

We were able to show it under the assumption that G is bipartite.



64 NANCY EATON, VOJTECH RODL

Theorem 3. There exist absolute constants ¢y, co >0 such that
1. If G is bipartite, G € B(n,d), then 8(G) < c1d(logd)?logn.

2. There exists G with G bipartite, G € B(n,d), with 5 black and % white vertices,
such that

8(G) > cadlog (2—’2) .

Finally, we give an upper bound on 6(G) in terms of the maximum degree of
G itself.

Theorem 4. There exist absolute constants ¢1, ¢g >0 such that
1. If GeRB(n,d), then

8(G) < c1d? logn.
2. There exists G, Ge€B(n,d) such that

8(G) > cadlog (2%) .

Note. As 01(G)=|E(G)| for triangle-free graphs, we cannot expect the same bound
for 61(G).

2. Proof of Theorem 1
2.1. The lower bound

We start with the following proposition.

Proposition 2.1. Let & be the set of all labeled bipartite graphs with maximum
degree bounded by d and with § white vertices W={w1,w2,...,w%} and % black

vertices B={b1,b3,... ’b%}‘ Then

dn

Bz (5)° -

Proof. We consider graphs with the property that deg(w;) = %, while deg(b;) <d
for each i=1,2,...,% and j=1,2,...,5. Let

= (i)

We will be selecting successively neighborhoods of wi, we, ..., wa showing that

each choice can be done in at least s ways. Indeed, suppose that we have decided
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on neighbors of w1, wy, ..., wj, j < % in such a way that deg(b;) < d for all
i=1,2,...,5. As at this point

n/2 &i
Z deg(b;) < —21,
1=1

there can be at most *21< 7 vertices b; with degree equal to d. Out of the remaining
(at least %) vertices we can choose neighbors of w;1 which we can do in at least s
ways. Since for each j <7 there are more than s choices for neighbors of w;, there

are more than
ne dn
) - (3)°
d/2 2d

labeled graphs of maximum degree at most d. ]

We will show that we can restrict ourselves to graph with maximum degree
d such that d < y/n. To that matter, assuming that d#n — 1, consider a graph
H, which is a union of a clique of size d+1 and one isolated vertex. By (1) and
Proposition 1.1,

pdim H > edim H > d + 1.
Let G be a graph consisting of H and n —2d—2 additional isolated vertices. Then
GeRB(n,d) and
pdim G > pdim H > d + 1.
For d>+/n and ¢<1/2,
logn

d+1>cd—F——>——.
e logd + loglogn

Thus, the lower bound follows whenever d > /n, and so, from now on we will
assume that d<+/n.

Lemma 2.1. (The Grouping Lemma) Let 1<t <! and let {a; ;: 1<i<j<I} bea
set of nonnegative numbers, then there exists a partition

LiUuLyU...UL =]

such that
¢

> aig
u=1{3,j}CLy

> G

1<i<j<l

/L(Ll,LQ,---,Lt)E <

R

Proof. We proceed by induction of [. The base is for [=3 and t=2.

a;j = min{ay 2,a1,3,a23}
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Letting L1 ={i,7} and Lo={1,2,3}\{7,5}, we have that u(L1,L2)<1/3<1/2.
Now suppose [ >3. If t<l—1, by induction, we may assume that there exists
LY, LY, ..., L} (some possibly empty) such that

LiuLyu...uLy=[-1]

and
t
14 ;2 "
u=1{ij}CL
(5) uw(Ly, Lh, ..., L}) = —=—"2— < =,
2 > a4yt
1<i<5<l

If t=1—1 then (5) is easily accomplished by letting each set L= {:}.

Set
by = Z il

i€l
and without loss of generality assume by <b, for 1<u <t -1, so that

by 1
(6) " <3

Y bu

u=1

For 1<u<t—1, set L,=L!,. Alsoset Lg=L,U{l}. Then
LiULaU.. . ULt =[]

and
t
) >, aijtb
w=1{ij}CL},
H(L].’LQ)"‘)Lt): tig) 1

Yo aig+ Y by

1<i<j<l u=1

And so by (5) and (6)

/'L(LI!L2,"':Lt)< i

o+ | =

We now proceed with the proof of the lower bound in Theorem 1. We will
work with the equivalence dimension (see relationship (1)).

Fix k such that for every G €B(n,d), edim (G) <k. Set t=10k.
Definition 2.1. Let an equivalence relation be called fine if the number of equiva-
lence classes is greater than ¢t and coarse if the number of equivalence classes is at
most ¢t. If each class of a partition % is contained as a subset of some class of a
partition 8, we set ¥ <.
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Fix G € B(n,d). Suppose {F1,%2,...,Fp,6p11,...,6;} is a family of equiva-
lence relations representing G. That is, each class of each equivalence relation is a
clique in G and every edge in G is in some class. Suppose further that 1, %o, ...,
F, are fine and 6,11, ..., 6} are coarse.

Let s€{1,2,...,p} and consider ¥,. Suppose the number of classes in F; is {
and a; ; is the number of edges of G between the ith and jth class of 5. By the

Grouping Lemma, there exists an equivalence relation L1 ULy U... ULy =} such
that

D 4

1<i<y<l dn
I S
¥ {1,§}C Ly

Let 85 be the equivalence relation obtained from ¢ by grouping classes to-
gether according to the relation {L1,Lg,...,Lt}.

Note, that %, <%, and the classes in 6 are not necessarily independent sets
in G, but altogether, at most dn/2t edges are contained within the classes of 6.

Consider the following observations.

1. In the set of equivalence 61, ...8}, there are at most de—TtL < %% edges of G
which are contained in some equivalence class.

2. All other edges of G are in no equivalence class.

3. All non-edges of G are covered by some equivalence class.
This list of observations implies the following fact.

Fact 2.1. There exists a subgraph H C G with V(H)=V{G) and

dn
EG) - EH) =< —
IB(G) - B(H)| == < 5
with edim (H) <k which can be realized by k coarse equivalences. |

For each © <dn/20, let 9, C B(n,d) be such that V G €%, Fact 2.1 is satisfied.
By averaging there exists an z <dn/20 such that

[&z| > zla—lﬁ(n,d)l.

2

We fix a value z which satisfies the above and define a class .

Definition 2.2. Let # be the set of all graphs H on n vertices such that
1. there exists a graph G €%, such that H <G and |E(G)— E(H)|=z and
2. There exists a set of k coarse equivalences 81, 82, ..., 6 which represent H.
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n
Since there are at most ((%)) ways to extend H € # to a graph G with x more

edges than H and each G €%, contains such an H, we underestimate the size of #
as follows:

(%)) 2 ) > 1800,

20
1 1

To underestimate the size of B{n,d) we reason that it is at least as big as the
class & of all labeled bipartite graphs with maximum degree bounded by d and
with n/2 white and n/2 black vertices. Thus, from Proposition 2.1,

an

(®) B(n, d)| > (;)T

From (7) and (8) we now infer
20 T 1 2 T 1.2
12 2 (5) @ >3 lad) w2 nE @ (z2)

20

ol

The number of sets {61,89,...,8;} where each 8, is a coarse equivalence is at
most ((1015)") <(10k)™ and thus

dn

20 =
(10k)™* > 13 > = (6d) ;

and hence there exists a constant ¢; such that
klog(10k) > c1dlog (6—’;)

which implies there exists a constant ¢y such that

dlog (&)
~ logd +loglog (&)

However, d<+/n, and thus for c sufficiently small,

dlog (34) dlogn
c9 Y =>¢C ozl .
log d 4 log log (&) logd + loglogn
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2.2. The upper bound

The proof of the upper bound depends on a lemma which appeared in [14].
We present it here for the sake of thoroughness. Note that in an oriented graph,
the notation d4(z) stands for the out-degree of a vertex z.

lemma 2.2. Every graph G=(V,E) admits an orientation E of the edges with
d+(G) < o(G).

Proof. This is proved by induction on n=|V|. If n~1, the result is trivial. When
n > 1, we select a vertex v € V such that d(v) € o. This can be done since the
average degree in G itself must be at most . Orient the edges of G\ {v} using the

induction assumption and orient the edges {v,u} so that (u,v}€ E. 1

Proof. (Upper bound) We will use the fact that pdim(G) <edim(G)+1 (see (1)),
and prove that there are k = cdlogn equivalences the union of which is the edge

set of G. This will be achieved by selecting & random equivalences Py, ..., Py,
chosen from the space of equivalences with at most d classes, then, changing them
according to the rule described below, to obtain equivalences .7”1, ’2, ey fP;C such

_ k
that E(G)= U E(P;) holds with positive probability.
i=1
As 9(G) <d, there exists an orientation of edges of G, so that deg, (v) <d for
any v€V(G). Let P={X1,Xs,...,X4} be an equivalence on V{(G).

For each i = 1, 2, ..., d we select an independent set (of G), Xl( C X; by
excluding each vertex which is the tail of some directed edge both endpoints of
which are in X;. Let the new equivalence relation ?' consist of the equivalence
classes X{, X, ..., X}, together with the remaining singleton sets.

Consider the sample space of ordered partitions (equivalences) of V' with at
most d parts, where the partitions P = {X1,X2,..., Xy} are chosen uniformly as
follows. For each vertex v€V and each i, let Prob(ve X;)=1/d.

Now given {u,v} € E(G) and a partition # ={X1 UX3U...U X4} define Bfﬁv
to be the event

(9) BY, =3X; {u,v} C X; and (Ny(u)UN+(v))NX; =0

where N (u) is the set of out neighbors of u. Observe that (9) is equivalent to the
event

(10) %, {u,v}C X

We select P1, P, ..., P, at random. Let F be the event defined by

E=V{u,v} € E(G), 3P;, st. 35%
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We are going to show that Prob (E) > 0; this by (10) implies that E(G) =

k
U E(2%), which by (1) concludes the proof.

=1
We will estimate the negation of F,

E = Hu,v} € EG) s.t. V9,853,

First we consider Prob (.‘Bﬁ’ﬁ,) The vertex v must be in one of the d classes

and the probability that v is in that same class is 1/d. The size of N4 (v)UNy(v) is
at most 2d so that the probability that the set Ny (u)UN,(v) is not in that same

class is at least (1—1/d)??. Thus,

P, 1 1 2d
Prob (.%U,Jv) Z E (1 - E)

Since d>2

1 1\ 1

Z(1=-= > —

d d 16d
Thus,

P, 1

Prob $u,]/u S 1- W

and

U,'Uj:l
k 32dlogn
n 1 n 1
< - — < 11— — .
<G)-m) <G)(m) <

3. Proof of Theorem 2
3.1. Proof of the lower bound

k k S
Prob (E) < Z Prob /\ 535,’1, < Z H Prob (%"Z)ﬁ,)
u,v i=1

We make the following assumptions:

(11) 60§d:2r§g,

7 is even and % is an integer. This is sufficient as for d <60 our theorem ensures just
the existence of a graph whose complement has minimum degree bounded by 60 and
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with 61 at least clogn where ¢ is an absolute constant. This however follows easily
as any graph G with distinct neighborhoods must be represented by distinct sets
and hence 01(G) >logyn for any such graph G. Similarly, assuming that d<n/2 is
no restriction since B(n,d) C B(n,d’) for d<d' and thus having proved the bound
under this restriction we may satisfy it for d >n/2 with the choice of small ¢g.

Set [= %, and let G1=2lK, be the graph which is the vertex disjoint union of

l . 21 .
91 cliques K, kP, . K. set w= | V(K) and B= {J V(EY). For
=1 f={+41

two graphs H and H' on the same vertex set V, let the graph HUH' be the graph
with vertex set, V(HUH')=V and E(HUH')=E(H)UE(H').

Consider the set & described in Proposition 2.1. We will show that there exists
a graph Gy €% with

— d2

61(G1UG2) > c——logn
log d

for some absolute constant c.
Suppose 01(G1UG) <t for each G€RB. Given any G €F consider a represen-
tation of GLUG

Lp:(,pg:WUB—»Q[ﬂ, |T| =t.
For =1, 2, ..., 2l, let V(Kr(j)) = {u{,ué,...,uﬂ} and for i =1, 2, ..., 7, let
T] =p(u)).
The sets le N T,j are pairwised disjoint subsets of the ¢-element set T

and hence there are at least %—gr of them with cardinality at most 2—% Consider
the set W/ CW (B’ C B) of all vertices w € W (b€ B) such that the cardinality of
o(w) (p(b) respectively) is at most 2%, We have |[W’| > Bn=m, |B'| >m and if
strict inequality holds, we choose a proper subset satisfying [W'|=|B'|=m.

For each G € B (G is fixed throughout the proof) we obtain vertex sets
W' CW and B'C B with |W/| :[B'|:m:i—g—n such that each vertex in W/UB’ is
represented by a set of cardinality at most Z—T%. Hence there exist m-elements sets
W, CW and BjC B which were obtained for at least

|3
(2)
different subgraphs from $B. Let B’ be the set of all such graphs. Denote by 2
the mapping which for each graph of G € B’ assigns the subgraph Gy induced on
WU Bj. We will estimate the number z of distinct graphs in [3'].

2

Given a graph Go with vertex set WjUB( we will overestimate the number of
distinct G € &' such that Go=1(G). Since |W\W{|=|B\ B)|= 5 and we are free
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to pick any neighborhood of size  from the set W for those vertices in B\ B}, and
from the set B for those vertices in W\ W], we get that the number of graphs of

n 2
the form 9 ~1(G) does not exceed {(2) 0] :

Thus by Proposition 2.1,

Also,
) ¢ (amy®
r ~\2r
and
n\ 2
2) <o
m) =
So,
L@ @)®
T oon (é”—T)T €20 2Me 20

Consider representations of the z distinct graphs in 1[#']. Each vertex of each
graph in 9[%’) is represented by a set of size between 1 and %)i Therefore, there are

20¢ 2m

at most | > (;) different representations that can be achieved for such graphs.
J=1

Some of these representations may give the same graph, but different graphs mmust
have different representations.

Hence,
20t 2m rn
r n\E
3 (t) > 2y B
=1 N 2ne20
Using that m=(19n)/40, we have
19n rn
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which gives

r 10tn n ™m n
() " 2 (5) /(")
20 —\2r
19t er T n T
= — > - — ) - — -1
. log (20) = 5I°g(2r) 50 et
S r2 ) (n) 2 rlog 4
—_—  log[—) - _ )
~ 95log (%6) & 2r 380log (5—6) 19log (%)

As for any choice of n and r satisfying (11) one can show that

Dot 3 (3)
3801og (25)  191og () ~ 4 |95log (&) o \2r

holds, we infer that

t>1 r? 1 (n) N 1 r? 1 (n)
- | = — — og|—1.
=1 |95lg(Z) °\2r/| = 3800ogr °\2r

Hence, (in view of (11)) there exists a graph G2 €8 such that

N 1 7 n 1 & n
G > 1 — > — 1 ~ .
{C1UG) 2 35510 8 (3) 2 1520 log d o (3) '

3.2. Proof of the upper bound

Set
t = 2e%(1+d?)logn.
Apply Lemma 2.2 to orient the edges of G thus obtaining E with dy(v) < d,
YoeV(G).

Given an arbitrary family of sets, one for each vertex of G, F={F,: € V(G)},
define

We will argue that there exists a family # of subsets of [t] such that (%) is a
1-intersection representation of G.

If {z,y} € E then either (z,y)€ E or (y,z)€E. In either case, no matter what
F is, SzNSy=0. On the other hand, we will show that for an appropriate choice

of #, the family S(¥)={S;: z€V(G)} satisfies Sz N Sy#0 whenever {z,y} ¢ E.
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Set

and consider a random family
F={F: zeV(G)}

of subsets of [t] where for all a€[t], and for all € V(G), Prob(a€ Fy)=p.

Let A be the event that for all non-edge pairs, {z,y}, [SzNSy|>1. We must
show that the probability of event A is larger than zero. Actually we will show that

Prob (4) < 1.

To do so, we wish to find an upper bound for Prob (|S; N Sy|=0) for any arbitrary
non-edge pair {z,y}.
We have
Sz NSy =FNFyN N 7,
TEN}(z)UN4 (y)

where N4 (v) is the set of out-neighbors of the vertex v and thus if {z,y} is not an
edge we have

Prob (a € Sz N Sy) > p?(1 - p)2d
(with this lower bound attained when dy(z)=d4+(y)=d and Ny{(z)NN4(y)=0.).

Hence,

Prob (|Sz N Sy| =0) = [ Prob (a ¢ Sz Sy)
a€lt]

< (1 —p2(1—p)2d)t < <1 - (§)2>t.

Given that there are no more than (3) non-edge pairs in G, we have that

Prob (4) < (;) (1 - (§)2>t <1 1

4 Proof of Theorem 3
4.1. Lower bound

By Proposition 2.1, the number of labeled bipartite graphs with maximum
degree d and % black and § white vertices is at least

nd

()"
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On the other hand, we determine the number of different p-intersection rep-
resentations that can be achieved from a universe set T of size t. There are 2"
sequences (11,Ty,...,Ty), T; CT and given p, 1 <p <t each such sequence deter-
mines a labeled graph, G with vertex set (v1,v2,...,vp).

Suppose now that ¢ is large enough to represent all bipartite graphs considered
above. Then there is a mapping from the set of n+1-tuples (T1,7%,...,Ty,p), where
T,cT,i=1,2,...,n, 1<p<t onto the set of all labeled bipartite graphs on n
vertices with maximum degree d.

Hence,

n nd
12 totn > (_) 4
(12) —\2d
which means

d n

1 t+o(1)> 2 a).
(13) ~|—o()_4log2<2d I

4.2. Upper bound

4.2.1. Preliminaries
The following lemma is due to Hoeffding [8], c.f. [11].

Lemma 4.1. Let X be a random variable having the binomial distribution, Z(n,p),
then for 0<p<1/2 and £<2/3,

(14) Prob (|X ~ np| > enp) < 2exp (—52(1 - e)%g) .
Thus, for p=1/2 and € <1/2,
En 1 7en\2
—npl > 2| < el (idd
(15) Prob [IX npl > 2]~2exp( 2(2>>.

Next we state the Lovdsz Local Lemma [5].

Theorem 5. Let G=(V,E) be a graph with maximum degree d and vertices vy, va,

..., Un. For each v; let us associate an event A; and suppose that A; is independent
of the set

{A;: {v,v;} ¢ E}.

Also suppose

1
Prob (4;) < —.
To (A’)_éld

Then
Prob (Ay AAs A ... A Ay) > 0.

Next, two lemmas are given. The first lemma is a slight modification of a
lemma of Firedi and Kahn, [7].
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Lemma 4.2. Let # = (X,8) be a hypergraph, & C [X]=¢ with A(¥) < d, where
d>3. Set

d 2
§= [@-, and k= [e“logd].

Then there is a partition of X,
X=X1UXoU...UX;

such that V E€& and i€[s],
EnX;| <k
Proof. Let X={X;,X3,...,X;} be a random ordered partition of the set X, such

that Prob (v e X;)=1/s, for all i € [s]. Consider the probability space of all such
partitions.

Let F €& and let Y; be the random variable which indicates the size of the
intersection of X; with E. That is, Y; =|X;NE|. Then Y; is a random variable

with binomial distribution, 8 (|E|, %)

For a=¢€2logd, we have

2 logd
1\* (|E| IE|Le \° P loxd
A< | - S e” log )
Prob (Y;) < (s) (a) < (eQIOgd <e

For each edge E € &, let Ap be the event that there exists an ¢ such that
|X;NE|>e%logd, then

d
(16) Prob (AE) < se—ez logd — [Iog d] e—e2 logd'
We have
q_ loglogd + 3 <2

logd logd —
which implies
3logd —loglogd < elogd — 3

which is equivalent to

Hence, in view of (16)

d 2
< e“logd
Prob (Ag) < [——bga’,] e
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Let G be the dependency graph described in the Lovdsz Local Lemma, asso-
ciated with the events {Ag: E €&}, Then, for edges E and F such that E#F, the
vertex corresponding to Ag is adjacent to the vertex corresponding to Ap if and

only if ENF#0. The maximum degree in G is at most d? since A(¥) < d, and
[E|<d.

By the Lovész Local Lemma,

Prob ( A Ze> > 0.
Ee&

Thus, there exists a partition such that for all edges, E, and for all classes, X,
1 X; N E| < e?logd. 1
The next lemma provides a special set of partitions for a given set.

Lemma 4.3. Let X be a set, |[X|=m, >0 and M = fjlogm. There exist M bi-

partitions of X with the following property: For each {z,y} € |X|?, if ty,y is the
number of partitions with {z,y} in different parts, then

1 1
GM —eM < toy < M eM.

Proof. Instead of proving this lemma directly we form an equivalent statement.

There exist m vectors, {ay: v€ X}, in {~1,1}™ such that for all v£v/,

[{(ay,a, )| < 2eM.

Consider the probability space of all vectors, {~1,1}M, such that for u €
{=1,1}", u=(u1,ug,...,ups) and Vi,

Prob (u; = —1) = Prob (u; = 1) = 1/2.

The distribution of |(u,v)| is the same as the distribution of B(M,p) — pM
with p=1/2 so by Lemma 4.1, (15)

(17) Prob (|(u,v)| > 26 M) < Zexp(—2e°M).

Randomly choose m vectors uy, ug, ..., um (With possible repetition) from
the cube {~1,1}M. For each i, define the event A; as

A; =3 j#0, [(ug,u5)] > 2eM.
By (17), we infer that

Prob (4;) < (m — 1)2exp(—2cM)
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and hence

m
Prob (3, 4;) < ZProb (4;) < 2m{m — 1) exp(—2¢2M) < 1. 1
i=1

4.2.2. Proof of the upper bound
Let G be a graph such that G=(V;UVy, E) is a bipartite graph, |V;|+|Va|=n

and A(G)<d. Set
p=k (% - 6) M

2
and M = —logn.
€

where

©T 42 logd

Our strategy will be to obtain a covering % of the vertices of G such that |§| <cdlogn
and for p as above, all non-edges are covered at least p times and all edges are
covered at most p—1 times. This will provide the upper bound, (c.f. Definition 1.5)

9(G) < 8,(G) < cdlog? dlogn.

Consider the hypergraph, # = (Va,{N(z) : = € V;}). The edges in # have
maximum order d since Yz € Vi, |N(z)] < d, and Vz € Vo, Ng(z) < d. Thus by
Lemma 4.2, there exists a partition of Vs,

Vo=XUXU...UX;

with

s= d

" |logd
such that
Vo e Vi, Vielsl, IN@)NX;| <k

where

k= e?logd.

We define s subgraphs of G, Ay, Ag, ... As, to be the induced subgraphs,
A= (ViU X;).

Now, for each i€ [s] we form the k subgraphs, B; 1, B; 2, ..., B; x of the graph
Aj; so that E(4;) =E(Bi,1) UE(B,"Q) U... UE(Bi’k).

To describe these graphs we start with an arbitrary order on the vertices in X;
(and hence for each v € V7, its neighborhood in X is ordered). Let

N@w) ={vi,va,..., v, }
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where v) <wvg <...<wg, and t, <k.
Consider k£ new dummy vertices, u, ug, ..., ug. For each j€[k], let the set

Y =X; U{y}.
Fori=1,2,..., s, j=1,2, ..., k define the graph B; ; as follows:
V(B;;)=V1UY;,
and
E(Bi,j) ={{v,z;} : vEV}
where r; =v; if j<t, and z; =u;, the dummy variable if j >1,.
Note that B;; is a bipartite graph such that every vertex in V; has exactly

one neighbor in Y; ;, namely, its jth

neighbor or the dummy vertex u;. Thus, each
graph B; ; is a star forest.

Fix i € [s] and j € [k]. We proceed to use Lemma 4.3 to show the existence of
a cover, 8;;, of the graph B; ; which will then be used in the construction of the
p-edge cover 6 of G.

We note that |Y; ;| <n and M = gglogn and so by Lemma 4.3 there exist M
bi-partitions,
P1, Po, ..o, Py
of ¥; ; with the following property: For each {z,y} € [Yg,j]Q, if t;  is the number of
partitions with x and y in different parts, then

1 1
GM =M <ty < ZM +eM.

For each 1€ {1,2,...,M}, let ;=P 1UP; 5. Now we are ready to define the
cover 6; ; and eventually the desired cover 8.

For each I=1, 2, ..., M and partition P;=2; 1 UP, 9 let
Ci=hu{veV; : Np, (v) € P}
and
Cla=Pau{veVy : Np, . (v)€ P}
We set

M
;= (J{Cl1,Cia}-
=1

The cover € for the entire graph G will consist of the coverings €, ; together
with p copies of V1 and p copies of V3. That is, if we define the sets C;, Cy, ..
Cop by C’1=02=...=Op=V1 and Cp+1:Cp+2=...=Cgp=V2 then,

€= Ugivj U{C1,Cy,...,Cop}.
i’j

)
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The size of this cover is

1
2skM +2p =2 <s +5- e) kM < 3skM = 96e%dlog? dlog(n).

It remains only to verify that this cover works. That is, for any {z,y} € E(G)
the number of sets in the cover, €, containing both z and y is less than p and for
any non-edge pair, {z,y}, the number of sets in € containing both z and y is at
least p.

For any pair of vertices, {z,y}, let cg 5 indicate the number of sets in the cover
6 which contain the pair {z,y}.

Suppose {z,y} is an edge in G, say € V] and y € V5. The vertex y is in exactly
one of the parts from the partition Vo =X UXoU...U X, say y € X;, and so the
pair {z,y} of vertices is contained in the vertex set of exactly one of the induced
subgraphs {4, : 1€[s]} of G and so the edge {z,y} could only be contained in sets
from the covers 81, €12, ..., 6; k. The pair of vertices {x,y} is contained in the

vertex set of each of the graphs, B;1, B; g, ..., B;k, but forms an edge in exactly
one. Say, {z,y} € E(By;). By the definition of the cover 8; ; of B; ; we see that
the number of sets in 6; ; containing the pair {z,y} is zero. If I#j then the vertex
x of V1 is “identified” with its (precisely one) B;; neighbor z€Y; ; (27#y) and since
%M—EM <ty < %M-}-EM, we have that the number of sets in €, ; containing
{z,y} is between %M—EM and %M-&-EM.

Thus as (2k——1)€<% we infer
1 1
Cz,yg(k—1)<§M+€M><k<§—E>M=p

Now suppose the pair {z,y} is a non-edge of G. There are 3 cases to consider.

Case 1. {z,y}CV;.

We see that the pair is easily covered by the sets C1, Cy, ..., C, which are
copies of the set Vi. Thus,
Cpy 2 D-
Case 2. {z,y} CVa.
The sets Cpy1, Cpt2, ..., C2p which are copies of the set V5 cover the pair
{z,y}. Thus,
Cpy 2 D-

Case 3. z€Vp and y€ X; for some i€ k).

The pair {z,y} is contained in the vertex set of the graph A; and in the vertex
sets of each of the graphs By 1, B;2, ..., B; ;. For a fixed [ € [k], the vertex z is
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defined with one of the vertices 2’ of ¥; ;, but 2’'#y, since the pair {z,y} is a non-
edge. We know that %M—EM Sty < %M+5M, and thus the number of sets

in 6;; containing {z,y} is between %M-eM and %M +eM. As this holds for all
=1, 2, ..., k we infer in this case,

1
Coy 2 k <§M — s]\/f) =p. | ]

5. Proof of Theorem 4

To see the lower bound we follow the argument of the lower bound in Theorem
3 as follows: assuming 6(G) <t for any G € B(n,d) we get in the same way ¢-w'"
as the upper bound for the number of distinct representations, while analogously

to (12) and (13) we infer that t+0(1)> %logQ (g4) holds.

We start with the following lemma.

Lemma 5.1. Let G be a graph with A(G)<d and |V(G)|=n, then there exists a
d-regular graph H with =2dn vertices that contains G as an induced subgraph.

Proof. Let G=(V,E) and let

V1, E1), (Va, E9), ..., (Vag, Eag)

be 2d vertex disjoint copies of G.

Let i€ [d] then there exists an i-regular graph on 2d vertices, For example an i-
regular bipartite graph on independent sets both of size d can easily be constructed.

For v €V, set dy =degg(v) and let E, be the edge set of a (d — d,)-regular
graph imposed on the vertices vy, v, ..., v9q which are the copies of v.

Set

2d
vin) = Jv
i=1

and
2d
EH)=|J B, ulJ B
veV i=1
Then H satisfies the statement of the lemma. [ |

We are now ready to prove Theorem 4. Let G =(V, E) be a graph such that
A(G) <d and |V| =n. Let H be a d-regular graph with 7 = 2dn vertices that
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contains G as an induced subgraph the existence of which is guaranteed by Lemma
5.1. We will show that

8(H) < 'd*log()
for some ¢’ and as G is an induced subgraph we get the upper bound, §(G) <
cd?log(n) for some constant ¢ as intended.
Set
m = ad? logn

where a is a sufficiently large constant. (Say (1212862.)

Set
1
a=1- 20’
1
© 7 2de
and
(18) p=(1-¢)a I,

For the fixed graph H we will find a family {Y; : v€ V(H)} of subsets of [m],
such that {u,v} € E if and only if [V, NYy| > p. To each edge, {u,v} of H, we
randomly assign a set Xy o, C [m], with

Prob (z € Xy) = a.
Given a particular assignment {Xy o : {u,v} € E(H)}, for each veV, we set

Yy = ﬂ Xu,v-
{u,v}€E(H)

For each {u,v} €[V (H)]?, let Yy, be the random variable,

Yoo =YunY,

giving the size of the intersection of the sets assigned to the pair of vertices u and
v.

We will prove that for {u,v} € E(H)

1
(19) Prob (Yyu > p) > 1-— =2
and for {u,v} ¢ E(H)

1

(20) Prob (Yyun <p)>1-— P
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from which we may conclude that, as there are only (g) pairs {u,v} €[V (G)]?, there
is a system

{Xuw : {u,v} € E(H)}
such that the family

{Yu cveV(H)and Y, = UX“v“}

U,

forms a representation of H.
Suppose first that v and v are two adjacent vertices. Let the neighbors of u be

Uy U, UD,y - -y Ug_1
and similarly let

Uy V1,025,001

be the neighbors of v. The random variable

d—1 d-1
Xu,v N (ﬂ wu,m) N (ﬂ fﬂv,vl)

i=1 =1

Yoo = [YunY,| =

has binomial distribution B(m,3;) where

By = o2d-1
Hence, the expectation
E(Yyu) = a2l
Similarly, if u, v is a pair of non-adjacent vertices we infer that Y, , has

binomial distribution &(m, B2} where

By =
and

E(Yyy) = @,

To conclude the proof of (19) and (20) we will apply Lemma 4.1, (14) to the
random variable Y, .

Thus if v and v are adjacent then

52
(21) Prob (Yyu ., < (1 —e)m@;) < 2exp (——2-(1 - s)m[ﬁ)

and due to the choices of €, m and «, see (18), (with the constant a sufficiently
large) one can further bound the RHS of (21) from above by (1.72)2.
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Thus
2
(22) Prob (Yy, < {1 —e)mfr) <2 (%)

whenever u and v are adjacent.
Similarly we infer that

2

(23) Prob (Yyuu > (1 +¢e)mpa) < 2 <%>

whenever u and v are nonadjacent. Due to the choice of p and £ we see that
mpPy —emPr =p>mPy 4 emfo

and this together with (22) and (23) concludes the proof of (19) and (20) and hence
of the theorem. |

A proof using similar techniques is shown to give that there exists an absolute
constant ¢ such that

2 1
0,(G) < cpdrn?
for graphs G with maximum degree bounded by d, see [3].
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