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Let G=(V,E) be a graph with n vertices. The direct product dimension pdim(G) (c.f. [10], 
[12]) is the minimum number t such that G can be embedded into a product of t copies of complete 
graphs Kn. 

hi [10], Lovs Ne~et~il and Pultr determined the direct product dimension of matchings and 
paths and gave sharp bounds for the product dimension of cycles, all logarithmic in the number 
of vertices. 

Here we prove that pdim (G)_< cdlogn for any graph with maximum degree d and n vertices 

and show that up to a factor of 1 / ( logd+loglog  ~d) this bound is the best possible. 

We also study set representations of graphs. Let G =  (V,E) be a graph and p >  1 an integer. 
A family ~ =  {Ax,x E V} of (not necessarily distinct) sets is called a p-intersection representation 
of G if [AxNAy I >_pC:~{x,y}E E for every pair x, y of distinct vertices of G. Let Op(G) be 
the minimum size of IU.~I taken over all intersection representations of G. We also study the 
parameter O(G)=min(Op(G)). 

P 
It turns out that these parameters can be bounded in terms of maximum degree and linear 

density of a graph G or its complement 9 .  While for example, 01(G)=IE(G)I holds if G contains 
no triangle, N. Alon proved that 01 (G)< cA(G)logn, where A(G) denotes the maximum degree of 
G. We extend this by showing that A(G) can be replaced by o(G), the linear density of G. We also 

/x2 (U) 
show that this bound is close to best possible as there are graphs with 01 (G)> c 2 ~ logn. 

For the parameter 0 we conjecture that 

O(G) < cA(G) 1+r logn 

for some constant c not dependent on A(U) or n and show that O(G) < cA(-d)log 2 A(U)logn if G 
2 is bipartite. This is, up to the factor 1/log A(G) best possible. 

Finally, we give an upper bound on O(G) in terms of A(G) and prove O(G)<_ cA2(G)logn. 
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1. Introduct ion  

1.1 The  direct product  d imens ion  

Let Gi = (Vi,Ei), i E[t] be a family of graphs. The direct product denoted by 
t t 

1-I Gi is the graph (V, E) where V = I ]  ~ and 
i----1 i----1 

{(xl ,  , x t ) ( y l , y > . . . , y , ) }  e E r  {x ,yi} c V i e [t]. 

The following definitions were introduced in [12]. 

Definition 1.1. The direct product dimension of a graph G denoted pdim (G) is the 
minimum integer t such that there exists a family Kai, Ka2, ..., Ka~ of complete 

t 
graphs such that G can be embedded into 1-[ Kay. 

i = l  

A related concept is that of equivalence dimension. 

Definition 1.2. Let G = (V, E) be a graph. A family 8 = {81,82, . . . ,  St} of partitions 
of V is called an equivalence representation of G if each equivalence class in each 
partition is a clique and 

{ u , v } e E * 3 i � 9  s.t. u ~ v i n ~ i .  

Then we define the equivalence dimension of G as, 

edim (G) = m n(181), 
where 8 is taken over all equivalence representations of G. 

The following fact (c.f. [12]) gives the relationship between equivalence dimen- 
sion and product dimension. For any graph G, 

(1) edim (G) < pdim (G) _< edim (G) + 1. 

We list here some of the known facts about the dimension of particular graphs. 
It is shown by Lovgsz, Ne~et~il and Pultr in [10]: 

1. For n_> 2, pdim (Kn + K1) = n where the graph Kn + K1 is the complete graph 
on n vertices with an extra vertex added which is non-adjacent to all of the 
others, 

2. pd im(nK2)=  [logan ~ +1, where nKm is n copies of the complete graph on m 
vertices, 

3. for n_>3, pd im(Pn)=  [log2n ] and 
4. for n_> 2, [log 2 n] + 1 _< pdim (C2n+1) _< [lo82 n] + 2. 

tn [la], Poijak and R6d[ showed that  
1. For q, a power of a prime, pdim (qKq) = q and 

2. ifq>a, pdim(nKq)<ql~ 
- -  - -  logq 

Both edim(G) and pdim(G) depend on the maximum degree of G. The 
following is an easy consequence of Vizing's Theorem. 
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Proposition 1.1. If A(G)=d then 

edim (G) _< d + 1 

and moreover, if G is triangle-free then 

edim (G) > d. 

To prove the corresponding relation between pdim(G) and maximum degree 
is not as straightforward. N. Alon [1] proved that for any graph G on n vertices 
with maximal degree _< d, 

(2) pdim (G) _< c(d + 1) 2 log 2 n + 1 

holds where c=2e2/log2e. On the other hand, he also showed that if 5 (G)> 1, 

(3) log2 n - log 2 d _< pdim (G). 

Note that the bound (2) is based on a probabilistic approach while (3) uses 

exterior algebra. Also, (2) is obtained by the relationship pdim (G)_< edim (G)§ < 

01 (G) + 1 and (4), see below. 
In here we study the dependence of product diniension on maximum degree 

and linear edge density. Recall that linear edge density, Q(G), is a maximum average 
degree of a subgraph of G, that is, 

2JE(a')l a' } 
& ( G ) = m a x [  ~ : _<G . 

We replace the upper bound in (2) by a bound which is linear in d. On the 
other hand, we prove the existence of graphs G, Iv(a)l =n,  A ( a ) = d  which have 
pdim (G) essentially larger than (3) when d>>logn. Set 

and 

2(~ ,d)  = { a :  

~(~ ,d)  = { a :  

V(G) = {1 ,2 , . . . , n} ,  A(G) _< d} 

v(a) = {1, 2, . . . ,  n}, e(G) _< d}. 

Theorem 1. There exists a positive constant c such that 
1. For any graph GE~(n,d), pdim(G) <32dlog~ while 
2. There exists GE2(n,d)  such that 

log n 
pdim (a) >_ 

cdlog d + log log n'  
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1.2. I n t e r s e c t i o n  n u m b e r  

Definition 1.3. Let G - - ( V , E )  be a graph. A family 5 ~ = { A x :  x E V }  of (not 
necessarily distinct) sets is called an intersection representation of G if 

Ax nAyr ~ {x,y} E E 

for every pair x, y of distinct vertices of G; conversely G is called an intersection 
graph of 4.  

Let G=(V,E) be a graph, we define 

01(c) = m n(I u l) 

where :~ is taken over all intersection representations of G. Then 01 (G) is called 
the intersection number of G. For an integer n, let 

01(n) = max{01(G) : IV(C)l = n}. 

Erd6s, Goodman and P6sa [4] showed that  all graphs on n vertices have 

intersection number at most n2/4 and the graph K -  ~ has intersection number 

equal to n2/4. 
N. Alon [1] gave a relationship between the intersection number of a graph and 

its degree. For a given graph GEB(n,d) 

(4) 01(G ) _< c(d + 1) 2 log 2 n 

where c = 2e2/log 2 e. 

Extending this to the graphs whose complement have bounded linear density, 
we will show: 

Theorem 2. There exist positive absolute constants cl, c2 such that 

1. For any graph G, such that-GcZ(n,d), 01(G)<<_cld21ogn while 

2. There exists G with GE~(n,d) such that 

d 2 

Note, we can prove a version of Theorem 2 where we restrict the graphs to 
trees. Let Tn be a tree on n vertices. (All trees have edge density bounded by 2.) 
The proof of this special case gives 

01(Tn) < 311ogn. 

We consider a variant on intersection representations which is investigated in 
[2], [31, [6] and [9]. 
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Definition 1.4. Let G = ( V , E )  be a graph. A f a m i l y : ~ = { A z  : x E V }  of (not 
necessarily distinct) sets is called a p-intersection representation of G if 

I A z n A y l  > p ~ {x ,y}  E E 

for every pair x, y of distinct vertices of G. Define Op(G) to be 

0.(6') = m~n(I u :~1) 

where 2~ is taken over all p-intersection representations of G. Then Op(G) is called 
the p-intersection number of G. 

We will set 

o ( a )  : 

Clearly, for any graph G and integer p > 2, a p-intersection representation of G 
exists since we know an intersection representation of G exists and given a ( p -  1)- 
intersection representation we may add 1 element to the universe and include it in 
each set. This gives Op( G) < Op_ 1 ( G) -}- 1 <_ 01(G) + p -  1. 

There is a characterization of p-intersection representations. 

Definition 1.5. We define a p-edge cover (also known as a p-generator or p-edge 
clique cover) of a graph G = (1/, E) to be a family ~ of V such that 

e E E C=~ ~{P1 ,P2 , . . . ,Pp}  c gP s.t. V iE  ~)], e C Pi. 

One can see that 

0p(a) = n~n(I.~l) 

where the minimum is taken over all p-edge covers ~v of G. 

For fixed p, the parameter Op was investigated in [2], [31, [6] and [9]. For 

example, it has been conjectured in [2] that Op(G)<_ (1 +o(1))Op ( K ~ , ~ )  for any 

graph G with n vertices. This is known to be true for p = 1 by the result of 
Erdhs, Goodman and Pdsa [4]. Also, it was established in [6], [3], (see also [2]) that 

• ( 1+o (1 ) ) .  

For parameter 0 we infer due to (4) that 

O(G) < 01(G) _< cA2(G)logn. 

We believe that this can be improved and make the following conjecture: 

Conjecture 1. There exists an absolute constant e such that G E :~(n, d) implies 
0 (G) < cd I +e log n, provided n >_ no (~). 

We were able to show it under the assumption that G is bipartite. 
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Theorem 3. There exist absolute constants Cl, c2 > 0 such that 

1. If-G is bipartite,-GE2(n,d), then ~(G) <_cld(logd)21ogn. 
- -  - -  n 2. There exists G with G bipartite, G E 2(n,  d), with -2 black and ~ white vertices, 

such that 

o(a)  >_ c # l o g  . 

Finally, we give an upper bound on O(G) in terms of the maximum degree of 
G itself. 

Theorem 4. There exist absolute constants Cl, c2 >0  such that 
1. If GE2(n ,d) ,  then 

~(G) _< cld2 logn. 

2. There exists G, GC~(n,d)  such that 

(%) e(G) > c~dlog ~ . 

Note. As 81(G)= IE(G)[ for triangle-free graphs, we cannot expect the same bound 
for 01 (G). 

2. P r o o f  o f  T h e o r e m  1 

2.1. T h e  lower  b o u n d  

We start with the following proposition. 

Proposition 2.1. Let :~ be the set of all labeled bipartite graphs with maximum 
degree bounded by d and with ~ white vertices W = { w l , w 2 , . . .  ,w~ } and ~ black 

vertices B = {bl, b2,.. . ,  b~ }. Then 

d ~  

Proof. We consider graphs with the property that  deg(wj) = ~-, while deg(bi) < d 
n and j = l , 2 , ,  n Let for each i=1 ,2 ,  ,~ . . . . .  , - 2 -  

/n/fl 
s = \ d / 2 7 "  

We will be selecting successively neighborhoods of Wl, w2, ... w_~ showing that 
' 2 

each choice can be done in at least s ways. Indeed, suppose that we have decided 
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on neighbors of Wl, W2, . . - ,  

i = 1 , 2 , . . . , ~ .  As at this point 

wj, j<-~n in such a way that deg(bi) _< d for all 

E deg(bi) < -~, 
i=1 

there can be at most ~ < ~ vertices b i with degree equal to d. Out of the remaining 

(at least -~) vertices we can choose neighbors of wj+ 1 which we can do in at least s 
n ways. Since for each j < g there are more than s choices for neighbors of wj,  there 

are more than 
n dn 

\ d / 2 J  > -~  

labeled graphs of maximum degree at most d. | 

We will show that we can restrict ourselves to graph with maximum degree 
d such that  d _< v/-~. To that matter, assuming that d e n -  1, consider a graph 
H,  which is a union of a clique of size d + l  and one isolated vertex. By (1) and 
Proposition 1.1, 

p d i m H  _> ed imH >_ d +  1. 

Let G be a graph consisting of H and n -  2 d -  2 additional isolated vertices. Then 
G E 2 ( n , d )  and 

pd imG >_ p d i m H  > d +  1. 

For d > v ~  and c<1/2 ,  

d + 1 > cd log n 
- log  d + log log n" 

Thus, the lower bound follows whenever d > v/~, and so, from now on we will 
assume that d_< x/~. 

Lemma 2.1. (The Grouping Lemma) Let 1 < t < l and let {ai,j : 1 <_ i < j <_ l}  be a 
set of nonnegative numbers, then tbere exists a partition 

such that 

L1 U L2 U . .. U Lt = [/] 

t 
E E ai,j 

u=l {i,j}CLu 1 
# ( L 1 , L 2 , . . . , L t )  =- ~ aid t 

]<_i<j<_l 

Proof. We proceed by induction of I. The base is for l = 3 and t = 2. 

ai,j = min{al,2, al,3, a2,3}. 
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Letting L1 = {i,j} and L2 = {1,2, 3} \ {i,j}, we have that  #(L1, L2) _< 1/3 < 1/2. 

Now suppose 1 > 3. If t < l - 1 ,  by induction, we may assume that  there exists 
LI1, LI2,..., L~ (some possibly empty) such that 

L~ U L~ U . . .  U L~ = [ l -  1] 

and 

t 
E E ai,j 

L' u=i {i,j}CL~u 1 
(5) #(Li 'LI2' ' '"  t ) =  E ai,j t 

l<_i<j<_l 

If t = l - 1  then (5) is easily accomplished by letting each set L~ = {i}. 

Set 

bu = E ai,I 
iEL~u 

and without loss of generality assume bt <_ bu for 1 < u < t - 1 ,  so that  

bt 1 
(6) ~ < - .  

- t  
b~ 

u = l  

For l < u < t - 1 ,  set Lu=L~u. Also set Lt=L~U{1}. Then 

L1 U L2 U...  U Lt = [/] 

and 

And so by (5) and (6) 

#(L1,L2,. . . ,Lt)  = 

t 
~ ai,j + bt 

u=l {i,j}cL~u 
t 

ai,j + ~ bu 
l<i<j<l  u = l  

1 
#(L1,L2,. . . ,Lt)  < 7" | 

We now proceed with the proof of the lower bound in Theorem 1. We will 
work with the equivalence dimension (see relationship (t)).  

Fix k such that for every GE~(n,d), ed im(G)<  k. Set t =  10k. 

Definition 2.1. Let an equivalence relation be called fine if the number of equiva- 
lence classes is greater than t and coarse if the number of equivalence classes is at 
most t. If each class of a partition ~ is contained as a subset of some class of a 
partit ion $, we set 2~ < ~. 
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Fix G E ~(n,d). Suppose {5~1,5~2,... , ~ p , ~ p + l , . . .  , ~ k }  is a family of equiva- 

lence relations representing G. That  is, each class of each equivalence relation is a 

clique in G and every edge in G is in some class. Suppose further that  5~1, 5~2, . . . ,  
Fp are fine and ~p+l,  -.., ~k are coarse. 

Let s E {1,2,.. .  ,p} and consider 5~s. Suppose the number of classes in ~s  is l 

and ai, j is the number of edges of G between the ith and jth class of 5~s. By the 

Grouping Lemma, there exists an equivalence relation L1 U L2 U.. .  @ Lt = [/] such 
that 

E E ai,j <_ 
u {i,j}CL~, 

ai,j 
l~i<j~l dn 

t - 2t 

Let ~s be the equivalence relation obtained from 5~s by grouping classes to- 
gether according to the relation {L1,L2, . . . ,  Lt}. 

Note, that  5~s < tgs and the classes in ~s are not necessarily independent sets 
in G, but altogether, at most dn/2t edges are contained within the classes of ~s. 

Consider the following observations. 

1. In the set of equivalence $1, . . .~k,  there are at most k @  < -~ edges of G 
which are contained in some equivalence class. 

2. All other edges of G are in no equivalence class. 

3. All non-edges of G are covered by some equivalence class. 

This list of observations implies the following fact. 

Fact 2.1. There exists a subgraph H C G with V(H) = V(G) and 

dn 
I E ( a )  - E ( H ) I  = x < 2-~ 

m 

with edim (H) <_ k which can be realized by k coarse equivalences. 

For each x<_dn/20, let Nx C:~(n,d) be such that V GENx, Fact 2.1 is satisfied. 
By averaging there exists an x <_ dn/20 such that 

I~xl ~ -~-~ 12(n, d)l. 
20 

We fix a value x which satisfies the above and define a class J4. 

Definition 2.2. Let 2( be the set of all graphs H on n vertices such that  

1. there exists a graph GENz such that H<_G and I E ( a ) - E ( H ) I = x  and 

2. There exists a set of k coarse equivalences ~1, $2, -. . ,  gk which represent H. 
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Since there are at most ((~)) ways to extend H E ~  to a graph G with x more 

edges than H and each GE ~x contains such an H, we underestimate the size of 
as follows: 

(7) 

2O 

1 

To underestimate the size of 5~(n, d) we reason that  it is at least as big as the 
class 55' of all labeled bipartite graphs with maximum degree bounded by d and 
with n/2 white and n/2 black vertices. Thus, fi'om Proposition 2.1, 

d n  

(8) I~(n,d)l ~ ~ . 

From (7) and (S) we now infer 

20 ( n ) ~  1 20 ( n ) ~  

2O 

1 20 ( ~ ) "  
>-  �9 

The number of sets {~1,~2,. . .  ,~k} where each ~i is a coarse equivalence is at 

most ((1Ok)n) < (lOk) nk and thus 

(1ok) "k > Izl _> ~ 

and hence there exists a constant Cl such that 

klog(10k) > cldlog ~-~ 

which implies there exists a constant c2 such that  

d log (6~d) 
k >  

- - logd  + loglog (~d) " 

However, d<  v~ ,  and thus for c sufficiently small, 

d log n dlog ( ~ )  > 
c2 log d + log log (6~d) - c log d + log log n" 
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2.2. T h e  u p p e r  b o u n d  
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The proof of the upper bound depends on a lemma which appeared in [14]. 
We present it here for the sake of thoroughness. Note that  in an oriented graph, 
the notation d+ (x) stands for the out-degree of a vertex x. 

lemma 2.2. Every graph G = (V, E) admits an orientation E of the edges with 

d+(a) < Q(a) 

Proof. This is proved by induction on n = [V[. If n -  1, the result is trivial. When 
n >  1, we select a vertex v c V  such that d(v) <Q. This can be done since the 
average degree in G itself must be at most 0. Orient the edges of G\{v} using the 

induction assumption and orient the edges {v,u} so that (u,v} C E. | 

Proof. (Upper bound) We will use the fact that  pdim (G)_< e d i m ( G ) +  1 (see (1)), 
and prove that there are k = cdlogn equivalences the union of which is the edge 

set of G. This will be achieved by selecting k random equivalences 91,  . . . ,  9k ,  
chosen from the space of equivalences with at most d classes, then, changing them 
according to the rule described below, to obtain equivalences 9~, 9~, . . . ,  9~ such 

k 
that  E(G)= U E(9~) holds with positive probability. 

i=1 

As o(G)_<d, there exists an orientation of edges of G, so that deg+(v)_<d for 

any v E V(G). Let 9 = {X1, X2, . . . ,  Xd} be an equivalence on V(G). 

For each i = 1, 2, . . . ,  d we select an independent set (of G), X~ C Xi by 
excluding each vertex which is the tail of some directed edge both endpoints of 
which are in Xi. Let the new equivalence relation Y consist of the equivalence 
classes X~, X;,  . . . ,  X~/together with the remaining singleton sets. 

Consider the sample space of ordered partitions (equivalences) of V with at 
most d parts, where the partitions 9 = {X1,X2,... ,Xd} are chosen uniformly as 
follows. For each vertex v E V and each i, let Prob (v C Xi) = 1/d. 

Now given {u,v} C E(G) and a partition 9 = {X1UX2 U...  UXd} define Bu~,v 
to be the event 

(9) BuP, v - ~ X i { u , v } C X i  and (N+(u) UN+(v) )AXi=O 

where N+(u) is the set of out neighbors of u. Observe that (9) is equivalent to the 
event 

(10) 3i, {u,v} C X:. 

We select 91, 92, . . . ,  9k  at random. Let E be the event defined by 

E ; v{u, v} c 3mj, s.t. It~V �9 
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m 

We are going to show that  Prob (E) > 0; this by (10) implies that  E(G) = 
k 
U E ( ~ ) ,  which by (1) concludes the proof. 

i=1 
We will estimate the negation of E, 

-E -- 3{u,v} C E(-G) s.t.V.~j..~jv. 

First we consider Prob (:~u~,iv). The vertex u must be in one of the d classes 

and the probability that v is in that  same class is 1/d. The size of N+(u)UN+(v) is 
at most 2d so that  the probability that the set N+(u)UN+(v)  is not in that same 

class is at least ( 1 - 1 / d )  2d. Thus, 

1( 
Prob ( Nu,v ) >_ -~ 1 - . 

Since d>  2 

Thus, 

and 

( : (1  1 
- 1 6 d "  

~3 1 
Prob g3u,v _< 1 -  16---d 

Prob (E) < ~ Prob u,v < ~ 1-I Prob 

| 

3. P r o o f  o f  T h e o r e m  2 

3.1. P r o o f  of  t h e  lower  b o u n d  

We make the following assumptions: 

ft 
(11) 6 0 < _ d = 2 r <  2 '  

r is even and ~ is an integer. This is sufficient as for d < 60 our theorem ensures just 

the existence of a graph whose complement has minimum degree bounded by 60 and 
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with 01 at least clogn where c is an absolute constant. This however follows easily 
as any graph G with distinct neighborhoods must be represented by distinct sets 

and hence 0 I (G)>  log 2 n for any such graph G. Similarly, assuming that  d <_ n/2 is 

no restriction since :B(n, d)C ~(n,d ~) for d < d t and thus having proved the bound 
under this restriction we may satisfy it for d>  n/2 with the choice of small c2. 

Set l-nu_ and let G1 =2 lKr  be the graph which is the vertex disjoint union of I d ~  

/ 2l 
21 cliques I(; 1), K;  2), . . . ,  //:!2/). Set W =  U V(K! i)) and B =  U V(I((ri)) �9 For 

i=1  i = l + 1  

two graphs H and H t on the same vertex set V, let the graph HUH ~ be the graph 
with vertex set, V(HUH')=V and E(HUHt)=E(H)UE(H'). 

Consider the set 2 described in Proposition 2.1. We will show that  there exists 
a graph G2 E ~ with 

d 2 
01(O1 U G2) _> Cl-~g d logn 

for some absolute constant c. 

Suppose 01(G1 U G ) <  t for each G E J3. Given any G E 2 consider a represen- 

tation of G1UG 

= ~ a  : W U B ~ 2 1 T I ,  I T l = t .  

2l, let V(K; j)) J = u2 , . . . ,u r}  and for i = 1, 2, . . . ,  r, let For j = 1, 2, . . . ,  

The sets T j ,  T j ,  . . . ,  T j are pairwised disjoint subsets of the t-element set T 
19 20t and hence there are at least N r  of them with cardinality at most --?-. Consider 

the set W t C W (B t C B) of all vertices w E W (b E B) such that  the cardinality of 

20t lo _ IB'I _> m and if p(w) (p(b) respectively) is at most - 7 '  We have IW'l_ ~n = m, 

strict inequality holds, we choose a proper subset satisfying IW'l--FB'r = m .  

For each G E J3 (G1 is fixed throughout the proof) we obtain vertex sets 

W ' c W  and B'CB with IW'l [Btl 19 = =m=~-6n such that each vertex in W~UB ' is 
20t represented by a set of cardinality at most -7-" Hence there exist m-elements sets 

W~ C W and B~ C B which were obtained for at least 

121 

different subgraphs from 2 .  Let ~t  be the set of all such graphs. Denote by r 
the mapping which for each graph of G E 2 '  assigns the subgraph GO induced on 
W~ UB~. We will estimate the number z of distinct graphs in r  

Given a graph Go with vertex set WgUB~ we will overestimate the number of 

distinct G E ~ '  such that  G 0 = r  Since [W\W~I = IB\B~[= ~o and we are free 
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to pick any neighborhood of size r from the set W for those vertices in B \ B~ and 

from the set B for those vertices in W\W~), we get that the number of graphs of 

t~o ~o~m~-l(~ doos ~ot ~cood E/~/~~ 
Thus by Proposition 2.1, 

z (~/~ ~ �9 >__,~ 
(~)2 

Also, 

and 

So, 

- \ 2 r ]  

z >  ( ~ ) ~  - -(~)~ _ r~ ~n rn �9 

2n (@) 2o e~-6 2ne~ 

Consider representations of the z distinct graphs in ~[5~/]. Each vertex of each 

graph in ~[2'] is represented by a set of size between I and 20t -7"  Therefore, there are 

at most different representations that  can be achieved for such graphs. 

LJ=I 
Some of these representations may give the same graph, but different graphs must 
have different representations. 

Hence, 

> z >  (~)~- ,r'n �9 
LJ=l 2he  ~6 

Using that  m= (19n)/40, we have 

r n  
I 20t -i 

(~=i ~ (~)-~ 2~2oJ j >- 2 ~ e ~ '  
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which gives 

l O t n  r n  

19tr log er _> ~log 20 log 4, 

r 2 { n ,  r 2 f l o g 4  
t > log ~ ) 

- 95 log ( ~ )  ~r 380 log (~00) 19 log (~0) 

As for any choice of n and r satisfying (11) one can show that  

,,2 r log4  3 r 2 (n \ l ) j  
+ 19log(P00) -< ~ 951og(~)log as0 log (~) 

holds, we infer that  

1 

951og (~0) log ~ > - -  
1 

380 l o g r l ~  ~rr ' 

Hence, (in view of (11)) there exists a graph G2 E ~  such that  

01(G1UG2)>-38~Ologr l~ ~r >- 15201ogd l~ d ' | 

3.2. P r o o f  of t he  u p p e r  b o u n d  

Set 
t = 2e2(1+ d 2) logn. 

Apply Lemma 2.2 to orient the edges of G thus obtaining /~ with d+(v) <_ d, 
w e v ( c ) .  

Given an arbitrary family of sets, one for each vertex of O, 1~ = {Fx : x E V(G)}, 
define 

5 e ( : ~ ) = {  S x = F x  A(z,u)c/~Fu: x E V ( G ) } .  

We will argue that  there exists a family :~ of subsets of [t] such that  5~ is a 
1-intersection representation of G. 

If {x, y} E E then either (x ,y) r  or (y, x)r E. In either case, no mat ter  what 
:~ is, Sx N Sy = 0. On the other hand, we will show that  for an appropriate choice 
of 4 ,  the family S(:~) = {Sx: x C V(G)} satisfies Sx N Sy~O whenever {x, y} ~ E. 
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Set 

and consider a random family 

NANCY EATON, VOJTt~CH RODL 

1 

P- -  l + d  

= { F x :  x e v ( a ) }  

of subsets of [t] where for all a E [t], and for all x E V(G), Prob(a  C F x ) = p .  

Let A be the event that for all non-edge pairs, {x,y}, ISz nSy I _> 1. We must 
show that  the probability of event A is larger than zero. Actually we will show that 

Prob (A) < 1. 

To do so, we wish to find an upper bound for Prob (]Sx nSyl =0)  for any arbitrary 

non-edge pair {x,y}. 
We have 

SxNSy= FxNFyN n -Fz 
xeN+(x)UN+(y) 

where N+(v) is the set of out-neighbors of the vertex v and thus if {x,y} is not an 
edge we have 

Prob (a E Sx N Sy) > p2(1 - p)2d 
(with this lower bound attained when d+ (x) = d+ (y) = d and N+ (x) n N+ (y) = 0.)- 

Hence, 

Prob (ISx N Sy] = 0) = I-[ Prob (a ~ Sx N Sy) 
ae[t] 

(1 ' 

Given that there are no more than (~) non-edge pairs in G, we have that  

Prob(A)_< 1 -  e < 1. I 

4 P r o o f  o f  T h e o r e m  3 

4.1. L o w e r  b o u n d  

By Proposition 2.1, the number of labeled bipartite graphs with maximum 
degree d and ~ black and ~ white vertices is at least 

nd 
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On the other hand, we determine the number of different p-intersection rep- 
resentations that  can be achieved from a universe set T of size t. There are 2 tn 
sequences (T1,T2, . . . ,Tn),  Ti C T and given p, 1 < p <  t each such sequence deter- 
mines a labeled graph, G with vertex set (vl ,v2, . . .  ,Vn). 

Suppose now that t is large enough to represent all bipartite graphs considered 
above. Then there is a mapping from the set of n+l-tuples (T1, T~,. . . ,  Tn,p), where 
Ti C T, i = 1, 2, . . . ,  n, 1 < p _< t onto the set of all labeled bipartite graphs on n 
vertices with maximum degree d. 

Hence, 
n d  

(12) t2 > 

which means 

(13) t + o ( 1 )  > ~log 2 ~d ' | 

4.2. U p p e r  b o u n d  

4.2.1. Preliminaries 
The following lemma is due to Hoeffding [8], c.f. [11]. 

Lemma 4.1. Let X be a random variable having the binomial distribution, Y3(n,p), 
then for OKp_< 1/2 and c<2 /3 ,  

Thus, for p = 1/2 and e < 1/2, 

(15) Prob [ I X - n p l > _  ? ]  < 2 e x p ( - ~  ( 9 ) 2 ) .  

Next we state the LovNsz Local Lemma [5]. 

Theorem 5. Let G= (V,E) be a graph with maximum degree d and vertices Vl, v2, 
�9 .., Vn. For each vi let us associate an event Ai and suppose that A i is independent 
of the set 

{As: r E}. 
Also suppose 

Then 

1 
Prob (Ai) <_ 4--d" 

Prob (A1 A A2 A . . .  A An) > O. 

Next, two lemmas are given. The first lemma is a slight modification of a 
lemma of Fiiredi and Kahn, [7]. 
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Lemma 4.2. Let 34 = (X,~) be a hypergraph, ~ C [X] <-d with A(3s < d, where 
d > 3. Set 

[+t s =  and k = [e2 logd]. 

Then there is a partition of X, 

X = X1 U X2 U . . .  U Xs 

Prob (Yi) _< IEal < \ e 2 1 o g d ]  < e -s176 

For each edge E E ~, let A E be the event that there exists an i such that 
IXi n E  l >_ e 2 logd, then 

(16) I d ] e_eTlogd Prob (AE) <_ se -e21~ =- ~ 

We have 

which implies 

which is equivalent to 

Hence, in view of (16) 

3 log log ( /+  3 < e 2  
log d log d - 

3 log d - log log d < e 2 log d - 3 

d 3 
_ _  < e e2 log d-3 
log d - 

d -e  2 log d . r < 1 1 
e-e21og d < [ogd e - ~ < 4d--- ~. 

such that V E E ~  and iE [s], 

IEnX t <_ k. 

Proof. Let X = {X1,X2,. . .  ,Xs} be a random ordered partition of the set X, such 
that Prob (v E Xi) = I / s ,  for all i E [s]. Consider the probability space of all such 
partitions. 

Let E E 8 and let Yi be the random variable which indicates the size of the 
intersection of Xi  with E. That is, Yi = IZi nEI. Then Yi is a random variable 

with binomial distribution, Y3 (IEI, 1). 

For a=e21ogd, we have 
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Let G be the dependency graph described in the Lovgsz Local Lemma, asso- 
ciated with the events {AE : E E ~}, Then, for edges E and F such that E r  the 
vertex corresponding to A E is adjacent to the vertex corresponding to AF if and 

only if E N Fr  The maximum degree in G is at most d 2 since A(Y{) < d, and 
IEI_<d. 

By the Lov~sz Local Lemma, 

Prob ( A Ae~ >0 .  
\EC~ / 

Thus, there exists a partition such that for all edges, E, and for all classes, Xi, 

[Xi AEI < e2 logd. | 

The next lemma provides a special set of partitions for a given set. 

Lemma 4.:1. Let X be a set, IxI---m, e > 0  and M =  ~ l o g m .  There exist M bi- 

partitions of X with the following property: For each {x,y} C IXI 2, if  tz,y is the 
number of partitions wittI {x,y} in ditferent parts, then 

1 - M - a M <  < I M + e M .  2 tx 'y - 

Proof. Instead of proving this lemma directly we form an equivalent statement. 

There exist m vectors, {av: v E X } ,  in {-1 ,1}  M such that for all vr 

I{av,av,)l < 2eM. 

Consider the probability space of all vectors, { -1 ,1}  M, such that for u C 
{-1 ,1}  m, u =  (Ul,U2,... ,UM) and Vi, 

Prob (ui = -1 )  = Prob (ui = 1) = 1/2. 

The distribution of I(u,v)l is the same as the distribution of Y a ( M , p ) - p M  
with p = l / 2  so by Lemma 4.1, (15) 

(17) Prob (l(u, v)j _> 2EM) _< 2 exp(-2e2/1//). 

Randonfly choose m vectors Ul, u2, . . . ,  Um (with possible repetition) from 

the cube {-1 ,1}  M. For each i, define the event Ai as 

Ai - ~ j# i ,  I(u/,uj} I _> 2eM. 

By (17), we infer that 

Prob (A,) < ( m -  1)2exp( -2cM)  



78 

and hence 
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m 

Prob (3i, Ai) <_ E Prob (Ai) < 2m(m - 1 ) e x p ( - 2 s 2 M )  < 1. 
i=1 

4.2.2. Proof of the upper bound 

Let G be a graph such that  G=(VlUV2,E) is a biparti te graph, IVII+IV21=n 
and A(G)_<d. Set 

where 

1 and M = 2 
e - @2 log d ~-~ log n. 

Our strategy will be to obtain a covering $ of the vertices of G such that  I$1 _< cdlog n 
and for p as above, all non-edges are covered at least p times and all edges are 
covered at most p - 1  times. This will provide the upper bound, (e.f. Definition 1.5) 

O(G) <_ Op(G) <_ cdlog 2 d logn.  

Consider the hypergraph, ~ = (V2,{N(x) : x C V/}). The edges in Y~ have 
maximum order d since Vx C V1, IN(x)l < d, and Vx E V2, N~(x) <_ d. Thus by 
Lemma 4.2, there exists a partition of V2, 

with 

such that  

V2 = X 1 u  X 2  U .,  . u X~  

VxEVI, VjE[ ], IN(x)nXj l_<k 
where 

k = e 2 log d. 

We define s subgraphs of G, A1, A2, ...As, to be the induced subgraphs, 

= u x d .  

Now, for each iE [s] we form the k subgraphs, Bi,1, Bi,2, ..., Bi,k of the graph 

Ai so that  E(Ai) = E(Bi,1) U E(Bi,2) U... UE(Bi,k). 
To describe these graphs we star t  with an arbi trary order on the vertices in Xi 

(and hence for each v E V1, its neighborhood in Xi is ordered). Let 

N(v) = 
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where Vl <v2 < . . .  <vtk and tv <_k. 
Consider k new dummy vertices, Ul, u2, . . . ,  tt k. For each j �9 [k], let the set 

~ , j  = x i  u {w }. 
For i=1 ,  2, . . . ,  s, j = l ,  2, . . . ,  k define the graph Bi,j as follows: 

V(Bi,j) = 171 U Yi,j, 

and 

E(B~,j) = {{~,xj} : ~ �9 Vl} 

where xj = vj if j < tv and xj = uj, the dummy variable if j > tv. 
Note that Bid is a bipartite graph such that every vertex in V1 has exactly 

one neighbor in ]~,j, namely, its j th neighbor or the dummy vertex uj. Thus, each 
graph Bi,j is a star forest. 

Fix i �9 [s] and j �9 [k]. We proceed to use Lemma 4.3 to show the existence of 
a c o v e r ,  ~i,j, of the graph Bi, j which will then be used in the construction of the 

p-edge cover ~ of G. 

We note that ]Y/,j] < n and M =  ~logn  and so by Lemma 4.3 there exist M 

hi-partitions, 

21,  2~, . . . ,  ~M 

of Yi,j with the following property: For each {x,y} �9 [y/,j]2, if tz,y is the number of 
partitions with z and y in different parts, then 

1 1 M ~ M  - eM < tx,y < + eM. 
- -  - -  2 

For each l �9 {1,2,.. .  ,M}, let ~l  =~/ ,1 U~/,2. Now we are ready to define the 

cover ~i,j and eventually the desired cover ~. 

For each l = l ,  2, . . . ,  M and partition ~ /= ~ / , 1 U ~ / , 2  let 

Cl,1 = Pl,1 U {v �9 171 : NBi,j(v ) �9 PI,2} 

and 

We set 

q ,2  = 5 ,2  u { v  �9 Yl : NB~,5(v) �9 Pl,1}- 

M 

~,J = U { % ,  cl,2}. 
1=1 

The cover ~ for the entire graph G will consist of the coverings ~i,j together 
with p copies of V1 and p copies of 1/2. That  is, if we define the sets C1, C2, . . . ,  
C2p by C1 =6'2 . . . . .  Cp=V1 and @ + 1 = @ + 2  . . . . .  C2p=V2 then, 

~' = U ~'~,s u {c~, c2,..., c2p}. 
i , j  
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The size of this cover is 

( 1 )  
2skM + 2p= 2 s +-~ - e  k M  < 3skM = 96eadlog 2dlog(n).  

It remains only to verify that this cover works. That  is, for any {x,y}  C E(-G) 
the number of sets in the cover, ~, containing both z and y is less than p and for 
any non-edge pair, {x,y},  the number of sets in ~ containing both x and y is at 
least p. 

For any pair of vertices, {x, y}, let Cx,v indicate the number of sets in the cover 

which contain the pair {x,y}. 

Suppose {x, y} is an edge in G, say x E V1 and y E V2. The vertex y is in exactly 
one of the parts from the partition V2 = X1 U X2 U . . . U Xs, say y E Xi,  and so the 
pair {x,y}  of vertices is contained in the vertex set of exactly one of the induced 
subgraphs {Ai :iC Is]} of G and so the edge {z ,y}  could only be contained in sets 
from the covers ~i,1, ~12, . . . ,  ~i,k. The pair of vertices {x,y}  is contained in the 

vertex set of each of the graphs, Bi,1, Bi,2, . . . ,  l~i,k, but forms an edge in exactly 

one. Say, {x,y} E E(Bij,). By the definition of the cover ~i,j of Bi, j we see that  

the number of sets in ~i,j containing the pair {x,y} is zero. If lCj then the vertex 

x of V1 is "identified" with its (precisely one) Bi, 1 neighbor z E Y/,1 (zCy) and since 

� 8 9  eM <_ ty,z <_ �89 + eM, we have that the number of sets in ~i,1 containing 

{x,g} is between � 8 9  and 1 M  +eM.  

Thus as ( 2 k - 1 ) e  < 1 we infer 

Now suppose the pair {x,y} is a non-edge of G. There are 3 cases to consider. 

Case 1. {x,y} C V1. 

We see that the pair is easily covered by the sets C1, C2, . . . ,  Cp which are 
copies of the set 1/1. Thus, 

Cx,y ~_ p. 

Case 2. {x,y} C V2. 

The sets Cp+l, Cp+2, . . . ,  C2p which are copies of the set V2 cover the pair 

{x,y}.  Thus, 

ex,y ~ P. 

Case 3. x e V1 and y C Xi for some i E [k]. 

The pair {x,y} is contained in the vertex set of the graph A i and in the vertex 
sets of each of the graphs Bi,1, Bi,2, . . . ,  Bi,k. For a fixed l E [k], the vertex x is 
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defined with one of the vertices z' of Y/,j, but z ' r  since the pair {x,y}  is a non- 

edge. We know that  � 8 9  eM <_ tz, y <_ 1 M  + aM, and thus the number of sets 

in gi,l containing {z ,y}  is between � 8 9  and � 8 9  As this holds for all 

l = l ,  2, . . . ,  k we infer in this case, 

5. P r o o f  o f  T h e o r e m  4 

To see the lower bound we follow the argument of the lower bound in Theorem 
3 as follows: assuming O(G)<_t for any GE~?(n,d) we get in the same way t . w  tn 
as the upper bound for the number of distinct representations, while analogously 

to (12) and (13) we infer that  t+o(1)_> dlog2 (~-dd) holds. 

We start  with the following lemma. 

Lemma 5.1. Let G be a graph with A(G)<_ d and IV(G)I =n ,  then there exists a 
d-regular graph H with ~z = 2dn vertices that contains G as an induced subgraph. 

Proof. Let G =  (V, E) and let 

(Vl, E,) ,  (v2, E2), . . . ,  (v2d, E2e) 

be 2d vertex disjoint copies of G. 

Let i E [d] then there exists an i-regular graph on 2d vertices, For example an i- 
regular biparti te graph on independent sets both of size d can easily be constructed. 

For v ~ V, set d~ = dega(v  ) and let Ev be the edge set of a ( d -  dv)-regular 
graph imposed on the vertices Vl, v2, . . . ,  V2d which are the copies of v. 

Set 

and 

2d 

i = 1  

E(H)  = 
2d 

U EvUUE  
vCV i = 1  

Then H satisfies the statement of the lemma. | 

We are now ready to prove Theorem 4. Let G = (V, E) be a graph such that  
A(G) _< d and IVI = n. Let H be a d-regular graph with fi = 2dn vertices that  
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contains G as an induced subgraph the existence of which is guaranteed by Lemma 
5.1. We will show that 

O(H) <_ ctd 2 log(~) 

for some c I and as G is an induced subgraph we get the upper bound, O(G) <_ 
cd 2 log(n) for some constant c as intended. 

Set 

m = ad 2 log fi 

where a is a sufficiently large constant. (Say a=128e2.) 

Set 
1 

o ~ = 1 - - -  
2d' 

1 

2de 
and 

(18) p = (1 - E)c~2d-lm. 

For the fixed graph H we will find a family {Yv: v E V ( H ) }  of subsets of [m], 
such that {u,v} �9 E if and only if IY~ nY,I _>p. To each edge, {u,v} of H, we 
randomly assign a set X~,v C [m], with 

Prob (x �9 Xu,v) = c~. 

Given a particular assignment {Xu,v: {u, v} �9 E(H)} ,  for each v �9 V, we set 

Yv = N X~,v. 
{u,v}CE(H) 

For each {u,v} C IV(H)] 2, let Yu,v be the random variable, 

giving the size of the intersection of the sets assigned to the pair of vertices u and 
V. 

We will prove that  for {u,v} e E (H)  

1 
(19) Prob (Yu,v > P) > 1 - ---~ 

and for { u , v } ~ E ( H )  

1 
(20) Prob (Y~,~ < p) > 1 - fi---ff 
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from which we may conclude that,  as there are only (~) pairs {u,v} C [V(G)] 2, there 
is a system 

{Xu,v : {u,v} E E(H)}  

such that the family 

I 
a n d  

u~v ) 

forms a representation of H. 

Suppose first that u and v are two adjacent vertices. Let the neighbors of u be 

% Ul~ U2~ �9 �9 �9  I t d - 1  

~nd similar/y let 

tt, V l , V 2 . . .  ~ V d - 1  

be the neighbors of v. The random variable 

\ i=1 

has binomial distribution 5~(m,/31) where 

]31 = ~ 2 d - 1  

Hence, the expectation 

E(Y~,,v) = a2d- lm.  

Similarly, if u, v is a t)w~ of" non-adjacent vertices we infer that  Yu,v has 

binomial distribution 5~(m,/32) where 

and 

/~2 = ct2d 

To conclude the proof of (19) and (20) we will apply Lemma 4.1, (14) to the 
random variable Yu,v. 

Thus if u and v are adjacent then 

(21) Prob (Yu,v < (1 - e)m~l)  < 2exp - - ~ ( 1  - e)m/31 

and due to the choices of e, m and c~, see (18), (with the constant a sufficiently 

large) one can further bound the RHS of (21) from above by (1.5) 2. 
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Thus 

(22) Prob (Yu,v < ( 1 -  e)m/31) < 2 ( 1 )  2 

whenever u and v are adjacent. 

Similarly we infer tha t  

(23) Prob (Yu,v > (1+ e)m/32) < 2 ( 1 )  2 

whenever u and v are nonadjacent.  Due to the choice of p and e we see tha t  

mill - emil1 = p > raft2 + emil2 

and this together  with (22) and (23) concludes the proof  of (19) and (20) and hence 
of the theorem. | 

A proof using similar techniques is shown to give tha t  there exists an absolute 
constant  c such tha t  

2 1 
0p(G ) ___ cpdpnp 

for graphs G with maximum degree bounded by d, see [3]. 
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